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Question 1
Consider a simple mass m attached to a spring of stiffness & and a viscous damper with a
damping coefficient ¢. The displacement, x, is given by:

2
d x+c@+kx=0
dt

m

a. Show that this equation is mathematically the same as:

2
d—f + Zé'w@%a)zx =0
dt dt
. (4 marks)
b. Solve this equation for € =1

(6 marks)

¢ The equation of motion for a mass-spring-damper system is given by the
equation:

¥+2Ck + @'x =0

Foric <1 and the initial conditions, whent=0,x=0and x =fw

Where B =+1-52, show that x = e Sin(Bewrt)
(10 marks)



Question 2

The motorcycle in its plane of symmeiry can be represented as three rigid bodies whose
vibrating motion is described by four independent coordinates:

The vertical displacement of the sprung mass centre.
The pitching rotation of the $prung mass.

The vertical displacemenfs of the two unsprung masses.

Draw a schematic representation of the system.
(6 marks)

Show that the equatioﬁs of free, undamped motion can be represented in the form
ma+ ke =0 '

described in a 4x4 matrix

(14 marks)



Question 3

The motorcycle has two main types of vibrational modes: -

The in-plane and out—of—plané modes of vibration for a motorcycle are affected by
different parameters.

T

a,_; Explain what influences the in-plane vibrational modes and what effect this has

on the motorcycle and the rider. .
' (3 marks)

b. Explain what parameters influence the out-of-plane modes, and what

mathematicaily determines the natural frequency of the oscillating modes.
(5 marks)

Experimentally, the motorcycle can exhibit a number of different oscillatory and non-
oscillatory modes. Define the following terms and describe how they manifest themselves
in motorcycle dynamics and how they are modeled mathematically. '

c. Capsize
d. Wobble
e. Weave .

-(12 marks)



Question 4

Consider a wheel climbing a step.

a. If the radius of the wheel i is R and the height of the step is h, find an expression in

s’ such that
=A2R - h)

(4 marks)

b. As the wheel climbs the step a vertical distance ‘y’ and by equating the rate of
climb to the rate of horizontal travel, show that:

' ' 2
- @=VJ{J_} _
d \V|R=(h-y)

The tyre model proposed by Pacejka in 1991 is still very much in use today. The
approach is substantially empirical and the results reproduce the real behaviour of the
tyre very well. The entire model revolves around what is called a ‘magic formula’, which
is a single expression that can be used to represent the longitudinal driving or braklng
force the lateral force or the moment around the z-axis. The expression is:

(10 marks)

Hx) = qx)+ 5,
Ax) = Dsin{Ctan™ [ Bx~ £(Bx~ ta;n'I B2}
X=x+3,

H

Where B, C, D and E are four parameters, S, indicates the translation of the curve'along_
the y-axis and S, indicates the translation of the curve along the x-axis.

c. Sketch the curve of the Pacejka “Magic Formula™, accurately labelling the
parameters outlined in the expression above.

(6 marks)
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The ﬁ;piéne w&raﬂ - ional modes éf ﬁle nioiorcyc].e are'iﬁﬂucﬁcad by the; fran}é, suspéﬁ;ﬁoﬁ aﬁd the

|| parts of the sigenvalues.

1 This motion is always wstable as the motorcycle can be thought of as an inverted pendulom. It is

" Where taus is a positive time constant, showing capsize is always unstable.
{ Wobble is an oscillation of the front assembly around the steering axis that can become unstable at

" | the front-frame Tnertia decreases. Mathematically this is:

| the cornering stiffness of the rear tyre. The weave mode it technically generated by the coalescence

wheel motions in the vertical plane. The in-plane modes are related to ride comfort and road-holding,
The out-of-plane modes of vibration mvolve the roll, yaw, steerﬁxg angle and steering head lateral

displacement. The out-of-planes modes are generally related to the velicle stability and handling.
The natural frequencies of the oscillating modes (both in and out of plave) are given by the imaginary

The capsize motion is in essence a roil motion deeply influenced by the rider action on the handiebar.

modelied mathematically as: .

t
@ = @ger

fairly low to mid speeds. Wobble frequency goes up as the trail of the motorcycle increases and as

[

I f:'f = —¢8 — Fgpa, + MpghpSsine + Nea,Ssing

:

Weave is an oscillation of the whole motorcycle, but mainly an effect seen at the rear end of the
motorcyele, It depends on the Cof(G of the motorcycle, the wheel inertia, the caster angle and trail and

of two non-oscillating modes; body capsize and steering capsize. Mathematically i is the solution of:

" IArII.j = '""C'!l'? = Frd
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